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1. DESCRIPTION OF MODEL 
The chain of 71 freely linked elements, characterized by vectors r1 ,..., r,, 
of unit length, adopts in space various configurations, determined by angles 
8, ) 0 < 8, < 27r, k = l)..., n - 1, which characterize the free rotation of 
element K + 1 around element K. Each following vector makes the constant 
valence angle 01 with the preceding one. 
For the description of the model we choose the system of mutually per- 
pendicular unit vectors i, , jk , rk , whence we obtain vector k + 1 from 
vector K as follows [l]: 
rk+l = iksck + jkssk + rkc 
lkfl = iksk - jkCk 
jk+l = ikCkC + jkskc - rks, 
where s = sin 01, c = cos 01, sic = sin Ok , ck = cos & and 
(ik - jk) = (ik ’ rk) = (jk ’ rk) = 0, (i, ’ i& = (jk ’ jk) = (rlc * rlc) 
2. MEAN SQUARE LENGTH OF POLYMER CHAIN WITH 
EXCLUDED VOLUME 
zzz 
(1) 
1. 
For the mean square length of the polymer chain, described by the above- 
mentioned model, the following relation holds [2]: 
I 
..- 
s 
// R, /I2 dOI .a. &-, 
Jw9 = 
v,xv,x...xv,-1 
s s 
(2) 
... de, ... d&v, 
v,xv,x...xv*-, 
under the subsidiary conditions 
II % II2 = II ri + ri+l + -** + ri II2 > a2, 1 <i<j<n, (3) 
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characterizing the fact of excluded volume [l]. These subsidary conditions, 
which are (9, put certain limitations on the interior rotation angles 0, ,..., 
e n-l, which determines the integration regions I’, , V, ,..., V,-, . The 
intricacy of calculation of these integration regions with growing n increases 
quickly, so that the exact calculation of relation (2) for the excluded volume 
with the aid of this direct method for n. 3 4 is practically impossible. In this 
case it is possible to continue the solution of the problem within the frame- 
work of the described model in two ways: 
1. To restrict oneself only to the interaction of nearest neighbors, which 
for the interaction of every three elements and final n was carried out in [2], 
the influence of more distant neighbors on this approximation being a 
priori unknown. 
2. To try to determine the value of expression (2) for high n. The asymp- 
totics of the expression (2) was determined in report [3] by a perturbation 
method up to the elements of the second order. It is, however, necessary to 
remark that in that paper the mentioned problem was solved with the aid of 
another approach and on a different model. 
Owing to the difficulty of determining the integration region in (2), a 
method was suggested in communication [2] by which the solution of inequal- 
ity (3) can be avoided. We assume that formula (2) can be rewritten as 
follows: 
211 
. . . I I 2v 11 R, /I2 fl O(Rfj - S2) de, 1.. de,-, 
L,(S) = O O 1<i<i<n 
’ 
(4) 
where 
1 for x>o 
O(x) = 
0 for x < 0. 
We believe that a suitably chosen integral representation of the O-function 
and a change of the integration order in (4) permits us to carry out the calcula- 
tion of the quantityL@), which would make possible at least a rough estimate 
of the effect of neglecting long-range interactions. This procedure may also 
lead to a more accurate determination of asymptotics than was done 
in paper [3]. We shall perform both types of calculations mentioned. 
The aim of this paper is to show that a suitable integral representation of 
O-function results in caseL,@), where the calculation is simplest, in a relation 
determined by direct calculation. 
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3. DIRECT CALCULATION OF L&S) 
In this case, (2) is 
( j’ ;I R, II2 4 de, 
L&j) = 2y2 1 
! j 
de, do, 
Vl v2 
(5) 
under subsidiary conditions 
II R,, /I2 > S2 
/I % II2 > a2 
/I K, /I2 > 6’. (6) 
Through direct calculation we obtain with the aid of relations (l), 
II % II2 = II R,, II2 =3+4c+2cz--2s%, 
II RI, It2 = 20 + 4 
II R22 II2 = 2U + 4. (7) 
The last two conditions do not put any limitation on the interior rotation 
angles, the integration region of angle 0, thus being [0,297). 
The expression 3 + 4c + 2c2 is the so-called Eyring formula for the mean 
square length of the polymer chain without excluded volume in case 
n = 3, i.e., La(O). Hence 
whence 
11 R, II2 =&(O) - 2s2s2 > S2, (8) 
sin e 
2 
< ‘2(O) - s2 
2s2 * (9) 
Let e2 , for which is sin d2 = [La(O) - S2]/2s2, be 62 E [0, (7r/2)]. The integra- 
tion region then is I’, = [0, f&O] u [?r - &“, 2~1 and 
2n 
ss 
[&(O) - 2s2 sin ek] de, de, 
L3(S) = O v8 2n 
IS de, de, 0 V2 
s 
sin e, de, 
= L2(0) - 29 v2 . 
s de, V8 
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By performing integration and substituting 
L3(S) =L3(0) + yy;gBg , 
2 
where 
Baa = arc sin L3(ojSa ‘a . 
4. CALCULATIONS OF L&i) WITH THE AID OF THE INTEGRAL 
REPRESENTATIONS OF HIWISIDE &FUNCTION 
(a) As the first representation we choose the function 
&l(t) = qp -g) = + s,” sinpx;osgx dx 
for 
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(11) 
(12) 
2 1 sin pxxcos gx dx = ~ for 
1 
* p>g>o - for 
= 0 
p=g>o 
0 for o<p<g. 
Let us note that even though this function at the point t = 0 is distinct 
from zero, this value vanishes in the double integration and does not add 
any further configuration. Equation (4) can then be written for n = 3, 
owing to (7) and (8), 
2n 2.n IS [L3(0) - 2s2s2] O(R;, - S2) de, de, 
L3@) = O O 2* 2r ss @(R% - S2) de, de, 0 0 
I 
2T 
sin e28(Rf3 - P) de, 
=L,(O)-2sa O an 
* I 
(13) 
@(RI, - S2) de2 
0 
If we substitute p = Rts , g = S2 into (12), we obtain formula (13) by chang- 
ing the integration order and using the integral representations of Bessel 
functions [4] in the following form: 
I 
a 
L,(S) = L,(O) + a2 
s 
", 
c0sL3(0)x cos S%J~(2S%)$ 
sin L,(O)x cos SzxJo(2Sx)~ 
. (14) 
0 
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This formula is modified with the aid of the addition theorem for the element- 
ary functions of sine and cosine as follows: 
s" cos ~J,(YX) $ + j," cos BxJdr4 $ 
L3(S) = L3(0) + 29 “, 
j. sin axJo $ + j,” sin /3xJa(yx) $ ’ 
where 
a = z&(O) + s2, p = l?&(O) - 62, y = 23. 
(15) 
The integrals in (15) are listed in [4] and if we choose in advance 6 > 0, 
we obtain the following result: 
cos 
L2(8) = L2(0) + 29 
( 
arc sin i) fl(y - IX) + cos (arc sin $) d(y - B) 
1 
;+ B arc sin - 
Y 
(16) 
where d(t) is defined as follows: 
A(t) = :, 
for t>O 
for t < 0. 
The first element in the numerator on the right-hand side (16) is the value 
of the integral s,” cos mJ,(yx) (&lx) for 01 < y; for 01 > y this integral 
equals zero. We can easily see that LY > y and /? < y, which in the numerator 
and the denominator finally yields the expression 
cos 
L2(S) = L2(0) + 23 
( 
B arc sin - 
Y 1 
B ’ 
(17) 
F+ arc sin - 
Y 
which is identical to expression (11). 
Let us still note that the relation a: > y always holds for the previously 
chosen 6 > 0 and thus does not put any condition on the fixed valence angle (Y, 
while the relation /3 < y leads to the following inequalities: 
L3(0) - 2s2 < s2 
L3(0) - 23 > 0. (18) 
Relation (18) evidently tells us that for the chosen 6 > 0 there may exist 
valence angles that for 71 = 3 do not lead to the excluded volume. 
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(b) In the other case the representation of O-function, frequently used 
in the quantum field theory [5], was chosen: 
o(t) = bl & jm s dx, E > 0. 
-co 
(19) 
Through integration of this function in the complex plane after a semi circle, 
bypassing pole F = - ie, it is possible to find that [5] 
1 for t>0 
B(t) = * for t=O 
0 for t < 0. 
As in the preceding case, point t = 0 does not play any role in the integration. 
By substituting (19) into (13), we obtain 
L2(8) = L2(0) - 2s 
!~~ jr sin e2 (&) jr”, e-~~[L~(o)-2s~-eZl dx de2 
x + 2E 
’ 
By changing the integration order, we obtain 
I 
m e-i”” 2n 
I 
--,” +,T:, O 
sin e2e2i=asin% de, dx 
L2(8) = L2(0) - p$2s2 
s I 
2n 9 
e2izsesinB2 de, dx 
--m x+iG o 
where 
We can easily see that 
a = L3(0) - 62. 
s 
2?r 
0 
sin tka@~sin~ dt? = 5 $ Jo(2s2x) = - 2ni q&q Jo(2s247 
but 
dJo(2s2x) -___ = - Jl(2S2X) 
d(2s2x) (23) 
so that 
I 
277 
sin &?2s2=8ine de = 2m’ J,(2s2x). 
0 
(21) 
(22) 
(24) 
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The integral over t$ in the denominator (21) is directly listed in [4] and by 
substituting together with (24), we obtain 
s 
cc eciax J1 2s2x) dx 
L, 6) = L, 0) - ii’+ 2s2i *,” 
x + ic 
J 
e-i”5JO(2s2x) dx ’ (25) 
-cc x + k 
Now let us use the known theorem about the limit of integral representations 
of distributions [5] 
where the symbol P denotes the main value of the integral in 
sense, and p(x) is the so-called basic function [6]. By using this 
we obtain 
(26) 
Cauchy’s 
theorem, 
s m 
L&i) = L3(0) - 23 f 
e-i*]l(2s2x)d~ - irJl(0) 
s --m 
e-it5Jo(2s2x) $ - inJo 
= L,(O) - 29 
jm 
--m 
cos mJcJ,(2s2x) $ - i 10, sin crxjI(2.r2x) $ 
jm 
-co 
cos mJo(2s2x) $ - i jym sin wJ&s2x) $ - i77 
(27) 
for h(O) = 0, Jo(O) = 1. Owing to the parity of Bessel functions 
Jot- 4 = 1064 
Id- 4 z - .L(x)* 
formula (27) finally yields the relation 
L,(6) = L2(0) + 29 
qy 
cos owcj1(2s%) f 
. 
I 
(28) 
2 m sin (uxJ0(2.r2x) 8 + 7r 
0 
The integral in the denominator (28) is converted by substitution of 2r2x = t 
into the integral listed in [4] and we obtain for criteria cx < 2s2, satisfied 
according to the above for certain angles 01, the known relation (11). Let US 
note that there exist other integral representations of Heaviside’s e-function, 
e.g., 
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w = @(P -d = P jr J,(px) Jo(gx) dx 
= & jr Job4 [l - Al( p 
g 
2P a = -- 
I 7r 0 
sin pxsi(gx) dx, 
si(gx) = - ,; % dx 
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[71 
[71 
[41* (29) 
These representations are not suitable, owing to the mathematical complica- 
tions already for n = 3. 
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